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Abstract A new Coulomb ring-shaped potential is proposed, which results from
adding a potential proportional to

(
cos θ/r2 sin2 θ

)
to a Coulomb potential. The

Schrödinger equation with this new model potential is separated into angular and
radial components. The exactly wavefunctions and the spectrum equation for bound
state are presented by the standard approach.

Keywords Noncentral potential · Coulomb ring-shaped potential ·
Schrödinger equation · Bound state

1 Introduction

In recent years, noncentral potentials have been the subject of some studies in quan-
tum physics and theoretical chemistry. First, the occurrence of ‘accidental’ degeneracy
and ‘hidden’ symmetry in the noncentral potentials has caught the attention of many
physicists. The fundamental works [1–4] list a variety of noncentral potentials leading
to the accidental degeneracy. It turns out that all those noncentral potentials admit the
separation of variables in several coordinate systems and possess dynamical symme-
tries responsible for separability of the Schrödinger equation. As we know, if the
noncentral potential maintains separability of the Schrödinger equation, in which
case the Schrödinger equation splits into a radial and two angular equations that
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have to be solved. Second, owing to its possible applications in quantum chemistry
and nuclear physics to describe ring-shaped molecules like benzene and interactions
between deformed pair of nuclei, much work has been devoted to obtain the analyti-
cal solutions of the Schrödinger equation with noncentral problems. Several of such
noncentral potentials were found, together with their associated closed-form solution
of the Schrödinger equation [5–9].

In 1972, an exactly solvable noncentral potential was introduced by Hartmann [10],
which can be realized by adding a potential proportional to (r sin θ)−2to a Coulomb
potential. In spherical coordinates (r, θ, ϕ), the Hartmann potential is defined as

Vq (r, θ) = ησ 2

(
2a0

r
− qη

a2
0

r2 sin2 θ

)

ε0. (1)

Where a0 = h̄2/Me2 and ε0 = −Me4/2h̄2 represent the Bohr radius and the ground
state energy of the Hydrogen atom, respectively, and ηand σ are positive real numbers
with values ranging from 1 to 10, and q is a real parameter. When q = 0 and ησ 2 = Z ,
the Hartmann potential reduces to the Coulomb potential. Letting A = ησ 2e2 and
B = qh̄2η2σ 2, the Hartmann potential can be rewritten as

Vq (r, θ) = −A

r
+ B

2Mr2 sin2 θ
. (2)

The Schrödinger equation with Hartmann potential is separable in both spherical and
parabolic coordinates [11,12] and many studies have been focused on this quantum
system. For example, the bound state solution and energy spectrum[13–18], the con-
tinuous state and phase shifts[19], the ‘accidental’degeneracy and ‘hidden’ symmetry
[20,21], the overlap coefficients for two ring-shaped potentials[22]. Besides the stan-
dard approach, there are different methods used in the contributions mentioned above
and include the Nikiforov-Uvarov method, the SUSY quantum mechanics and shape
invariance method, the KS transformation and Laplace transformation, the path inte-
gral method [23,24] and the Darboux transformation [25], etc.

Based on the studies mentioned above and our recent works [26,27], we attempt to
propose a new noncentral potential, or another Coulomb ring-shaped potential given
by

V (r, θ) = −A

r
+ B cos θ

2Mr2 sin2 θ
. (3)

The purpose of this work is to investigate the Schrödinger equation with this noncentral
potential in the framework of a standard approach.

This work is organized as follows: In Sect. 2 the Schrödinger equation with this
potential is separated into a radial and two angular equations, the boundary conditions
for both the angular and radial equations are discussed. In Sect. 3 the exactly complete
solutions of this quantum system are obtained. Finally, some concluding remarks are
given in Sect. 4.

123



878 J Math Chem (2010) 48:876–882

2 The Schrödinger equation with the Columbic ring-shaped potential

Throughout this work the natural units (h̄ = M = 1)are employed for simplicity. The
Schrödinger equation with this new proposed potential (3) is given by

{
− 1

2r2

[
∂

∂r
r2 ∂

∂r
+ 1

sin θ

∂

∂θ
sin θ

∂

∂θ
+ 1

sin2 θ

∂2

∂ϕ2

]

+V (r, θ)− E

}
ψ (r, θ, ϕ) = 0. (4)

Where E is the energy. In spherical coordinate, one may select the wave function

ψ (r, θ, φ) = r−1u (r) H (θ) K (φ). (5)

Substituting Eq. 5 into Eq. 4 leads to a set of second-order differential equations

1

sin θ

d

dθ

(
sin θ

d

dθ

)
H(θ)−

[
λ− m2 + 2B cos θ

cos2 θ

]
H(θ) = 0. (6)

d2

dr2 u(r)+
[

2E + 2A

r
− λ

r2

]
u (r) = 0. (7)

d2 K (φ)

dφ2 + m2 K (φ) = 0. (8)

Where m2 and λ are two separation constants. The boundary conditions for Eq. 6
require that H(0) and H(π) are taken as a finite value. However, the boundary con-
ditions for Eq. 7 require u (0) = 0 and the square-integrability of u (r) on (0,∞),
which implies u (∞) = 0 for the bound states. The periodic boundary condition of
Eq. 8 is given by K (φ + 2π) = K (φ). Then the solution of Eq. 8 can be obtained
immediately as

Km (φ) = 1√
2π

exp (imφ), m = 0,±1,±2 … (9)

3 The normalized wave functions and the spectrum of bound states

First, let us consider the θ -dependent Eq. 6. By introducing a new variable [28]

x = 1

2
(1 + cos θ) = cos2 θ

2
. (10)

and defining two positive numbers

p = 1

2

∣∣∣m2 − 2B
∣∣∣

1
2 ≥ 0, q = 1

2

∣∣∣m2 + 2B
∣∣∣

1
2

≥ 0. (11)
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Equation 6 could be rearranged as

x(1 − x)
d

dx
x(1 − x)

d

dx
H(x)

+
[
λx(1 − x)− p2 −

(
q2 − p2

)
x
]

H(x) = 0. (12)

The physically acceptable solution of Eq. 12 could be expressed as

H(x) = x p(1 − x)q g(x). (13)

Substitution of Eq. 13 into Eq. 12, we get

x(1 − x)
d2

dx2 g(x)+ [k − (i + j + 1)x]
d

dx
g(x)− (i × j) g(x) = 0. (14)

Equation (14) is a hypergeometric equation and its solution is the hypergeometric
function

g(x) = F(i, j, k, x). (15)

In which
⎧
⎨

⎩

i = p + q − �,

j = p + q + 1 + �,

k = 2p + 1.
(16)

λ = � (�+ 1) , � = 0, 1, 2 . . . . (17)

However, the boundary conditions satisfied by the θ -angular wave function demands
that the hypergeometric function must be terminated as a polynomial, this demands

i = p + q − � = −n3, (n3 = 0, 1, 2 . . .) (18)

j = p + q + 1 + � = −n3. (n3 = 0, 1, 2 . . .) (19)

Although the exchange between parameters i and j are equivalent for the hypergeo-
metric function, but only Eq. 18 is satisfied since p and q are two positive number.
Where p + q do not need to be integers, Just the difference between p + q and �must
be integers. This is to say � = p + q + n3 is an integer. In fact, � is the total angular
momentum number. Finally, we get the normalized solutions of θ - dependent Eq. 6 as

Hn3(θ) = Nn3 cos2p θ

2
sin2q θ

2
F

(
−n3, p + q + 1 + �, 2p + 1, cos2 θ

2

)
, (20)

where Nn3 is the normalization constant. By using the following relations [29]
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⎧
⎨

⎩

jn(α, γ, x) = F(−n, α + n, γ, x),
1∫

0
xγ−1(1 − x)α−γ jn(α, γ, x) jk(α, γ, x)dx = �2(γ )�(α+n−γ+1)

�(α+n)�(γ+n)
n!

( α+2n) δnk,
(21)

and the orthogonality of the angular wave functions

1∫

−1

[Hn(x)]
2dx = 1, (22)

the normalization constant is obtained as

Nn3 = 1

(2p)!

√
(2p + 2q + n3)!(2p + n3)! (2p + 2q + 2n3 + 1)

2n3!(2q + n3)! . (23)

For the radial Eq. 7, another variable ρ = sr is introduced. By setting

2E = − s2

4
, t = 2A

s
. (24)

Equation (7) can be rearranged as

d2

dρ2 u(ρ)+
[
−1

4
+ t

ρ
− � (�+ 1)

ρ2

]
u(ρ) = 0. (25)

The radial Eq. 25 has an irregular singularity at ρ = ∞. Furthermore, it has a singu-
larity at ρ = 0. Therefore, it is reasonable to set

u(ρ) = ρ�+1e− ρ
2 f (ρ). (26)

Substituting Eq. 26 into Eq. 25, we obtain

d2

dρ2 f (ρ)+ [2 (�+ 1)− ρ]
d

dρ
f (ρ)+ [t − (�+ 1)] f (ρ) = 0. (27)

Equation (27) is a confluent hypergeometric equation, and its solution is given by the
confluent hypergeometric function

f (ρ) = F (α, γ, ρ). (28)

In which

α = (�+ 1)− t, γ = 2 (�+ 1) . (29)

When ρ → ∞, the confluent hypergeometric function F (α, γ, ρ) behaves as exp(ρ),
where u(ρ) is exponentially divergent. The regularity conditions imply that bound
states that exist only are α = −nr (nr = 0, 1, 2, . . . .), that is
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t = nr + �+ 1 = n. (n = 0, 1, 2 · · · ) (30)

where nr is the number of nodes of the radial wave functions and n is the usual principal
quantum number, respectively. Therefore, we obtain the energy equation

E = −
(
ησ 2e2

)2

2n2 . (31)

Equation (31) is similar as those of the Hartmann potential and other Coulomb ring-
shaped potentials, this is to say that the ring-shaped potentials have no influence on
the energy spectrum. The corresponding normalized radial wave function is expressed
as

unr � (r) = Nnr � (sr)�+1 exp

(
−1

2
sr

)
F (−nr , 2�+ 2, sr) . (32)

By using the following known relations

Lμn (x) = �(n + μ+ 1)

n!�(μ+ 1)
F(−n, μ+ 1, x), (33)

∞∫

0

xμe−x Lμn (x)L
μ
k (x)dx = �(n + μ+ 1)

n! δnk, (34)

(n + 1) Lμn+1 (x)+ (x − μ− 2n − 1) Lμn (x)+ (μ+ n) Lμn−1 (x) = 0, (35)

and the orthogonality of radial wave functions,

∞∫

0

[Rn (r)]
2r2dr = 1,

[
Rn (r) = r−1un (r)

]
, (36)

the normalized radial wave functions can be written as

un� (r) =
√

s (n − �− 1)!
2n� (n + �+ 1)

(√−8Er
)�+1

exp
(
−√−2Er

)
Lμn′

(√−8Er
)
.

(37)

Finally, we get the normalized wave functions of this quantum system as

ψ (r, θ, ϕ) = 1√
2π

r−1un� (r) Hn3(θ)exp (imϕ) , (m = ±0, 1, 2 . . .). (38)
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4 Conclusion and remarks

We have proposed a new exactly solvable noncentral potential, or another Coulomb
ring-shaped potential and solved the Schrödinger equation with this potential by the
standard method analytically. It is shown that in spherical coordinate, the Schrödinger
equation with this noncentral potential could be separated into the angular and radial
components. The radial equation is similar as that of the Hartmann potential and the
normalized radial wave functions are given by the generalized-Laguerre polynomials.
The angular component is different to that of the Hartmann potential and is satis-
fies a hypergeometric equation, the normalized angular wave functions are expressed
in terms of the hypergeometric functions. The spectrum equation for bound state is
derived also.
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